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l l. Introduction
' It was the purpose of this project to provide the tools
l which allow efficiency comparisons between fuze-related two

and three pass step-up gear trains of different tooth geome-

i tries which are subject to operation in a spin environment.

To this end, mathematical models of such gear trains with
both involute and ogival (circular arc) tooth shapes have
been developed. These models allow,by way of moment input-

output relationships, the determination of point and cycle

| efficiencies of the gear trains, rPivot friction,partly due

w s

contact friction. All models allow a wide variety of para-
meter changes,

A Various appendices of this finzl report contain the deri-

e

i vations of the moment relationships together with all asso-

i ciated work on pivot friction,geartooth geometry end direct

contact mechanism kinematics. The following section gives a

summary of this work.(There are no Appencices C or F),

P2 AT AP A S P e S S m————




2. Summary of Wwork

Appendix A

Appendix A furnishes the background, as well as gives the de-
rivations,for the moment input-output expressions for two
and three pass step-up gear trains (where in each mesh the

gear is the driver) with involute teeth and unity contazct ratio,.

Section 1 shows the development of a sign convention for the
direction of the contact point friction force. It is based on
the direction of the relative velocity between the contact
points on the gear and pinion teeth., Section 2 gives a dis-
cussion on how to deal with the normal and friction forces
at the gear and pinion pivots of single and multiple mesh
trains. oection % shows the application of the above results
to the moment input-output analysis of a single mesh, The

frame is assumed stationiry for this case and the external loads

are confined to the driving input moment and the equilibrating

output moment.

The basic geometry of the three pass step-up gear train,
mounted on a rotating fuze body,is formulated in section &4
for subsequent use in the moment input-output analysis. Force
and moment equilibria of the individual component gears,which 1
also account for the centrifugal forces, lead to the desired
expression, Section S5 gives a similar derivation for a two
pass step-up gear train with involute teeth. In order to be

able to continuously compute the moment relationships for these

. Lol %t “I.“. I C——




I trains,a method for determining the simultaneous locations of
l the contact points of all the meshes had to be worked out,

Such a method is given in section 6 togather with certain an-

—

gular relationships of the pivot locations on the model fuze

bOdyo

it is to be noted that,the kinematic relationchips in invo-

lute eear trains are relatively simple,when compared to those

in ogival trains, because of the constant transmission ratio
i and the invariant direction of the line of action in each in-

: dividual mesh,

‘
l sppendix B

To avoid the severe undercutting of pinions which generally
is associated with step-up gear meshes,it is necessary to use
non-standard involute gearing. Apprendix B shows both the theory
as well as all necessary steps for the design of unequal adden-
dum gears and pinions of unity contact ratio. In addition,a

numerical example is given,

Appendix D

This Appendix describes the geometry of an ogival tooth in

which each side of the tooth profile has a circular arc blending

——

tengentially into & radiel straight line flank, The basic

SR b i

tooth nomenclature is defined and methods for determining the

required tooth parameters are given,

Appendix E

B

vection 1 of Appendix & gives all necessary kinematic deri-

i

10




vations for a single step-up mesh with ogival teeth. The motion
of an ogival mesh consists of two phases., On first contact, the
circular arc portion of the driving gear tooth makes contact

with the circular arc portion of the driven pinion tooth. Later

; in the cycle,and up to the point of final dicenpagement, the

é circular arc portion of the gear tooth contacts the straight

| line portion of the pinion tooth. These phaces of motion were
named *? round on round '? and *® round on flat ?*® respectively.
Louivalent four link mechcnism models were used for both re-
gimes to obtain expressions for the pinion output angles,for

transition angles,for output angular velocities and for contact

point relative velocities. In addition,a sensing expression

i was developed which allows the computer determination of that
| position of a given mesh at which the subsecquent mesh comes

; into engcagement, (because of the variable transmission ratio
|

{ of ogival meshes,there is only one set of teeth in contact at

i any one time).

Section 2 of this Appendix shows derivations of moment in-
put-output expressions for both phases of contact of a single
ogival mesh, again,while pivot friction is considered in addi-

tion to contact friction,the frame is assumed to be stationary

|
|
J
4
}
i

for this single mesh,
Appendix G

when one considers the kinematic relationships of ogival
mesrhes which are mounted on a fuze body as parts of two or

three pass step-up trains,it becomes necessary to account for

il




the relative positions of the individual meshes on the fuze
body. Appendix G gives the aprropriate derivations for each of
the three meshes of a three pass train, The nodel of the fuze

body is identical with that used for involute step-up trains,

Appendix H

This Appendix shows the derivations of moment input-output
expressions for two and three pass step-up gesr trains with

ogival teeth which must operate in a spin environment.

Because of the increase in rotational speed associated with
each tooth mesh,increasingly more sets of teeth will come into
engagement in the second and‘third mecshes as one set of teeth
moves through one complete contact cycle in the first (i.e.
the input) mesh. With two phases of motion for each mesh,there
will be eight contact combinations in a three pass train,
bection 1 of Appendix E gives a derivation for the moment

input-output expression of each of these eight cases,

Section 2 shows similar work for the four contact combinations
which are associated with two pass step-up gear trains with

ogival teeth,

Both analyses account for the effects of the centrifugal

forces,

R T
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APPENDIX A

TEP=-UP GEAR TRAINS WITH INVOLUTE TZETH

1. DIRECTION OF ¥RICTION FORCE AT TOOTH TO TOOTH CONTACT

Figure A-1 uses the base circle - line of action
configuration of an invclute mesh, in which the gear drives
the pinion, to determine the direction of the friction forces
at the contact point C before and after the contact point
passes through the pitech point P. The distance d represents
the length of the line of action between base circle tangent
points L and L'. The length a measures the distance of the
contact point C from point L along the line of action.
rurther: 6 = actual (rolling) pressure angle

R, = gear base radius
Ep pinion base radius
The friction force of the pinion tooth on the gear tooth,

for example, will have the direction of the relative velocity

v of the contact point C_ of the vinion tooth with respect
Cp/Cg o) ¢

to the coincident contact point C_ of the gear tooth. (The

friction force of the gear tooth on the pinion tooth has
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the ovposite direction.) This relative velocity changes direction
at the pitch point, where it becomes instantaneously zero.,

Figure A-la shows contact befcre the pitch point (during

approach). To obtain the directicn of the relative velccity

Vb /c by a graphical analysis one makes use of the velocity
p 8
equation:
V. =V + Vv (4=1)
Sy cP/cS C.
1
where V. = velocity of point C, on rinion tooth with
\¥) -

jY
direction normal to line On- C

Vv - = relative velocity between voint C_ and point
‘ C/b,, =~ p 1S
I s

| a ¢ s The direction of this wvelocity is normal

| o

to the line of action.

B = velccity of point C_ on gear tooth with -
W
| T direction normal to line OV- C. The magnitude
k

of this velocity was arbitrarily chosen,

. The grapnical construction, dccording to Equ. (Al), shows
that 'C /C nas -the direction opposite to that cf the unit
P 8

vector Ty shown at point ON' As stated earlier this represents




the friction force cn the gear tcoth during approach.
Figure A-1b shows the same gravnical analysis fer contact
during recess. Once the pitch point is passed, both the
relative velocity VEO/C_ and the friction force of the
DR

vinion on the gear have the direction of the vositive urit

vector Eo.




2. ASSUMPTIONS CONCLRAING lNORIMAL AHD FRICTION

FORCES AT PIVOTS

Direction of
Motion

—— NE= Ff

)

FIGURE A=2 Fr.E=-800Y DIAGRAMS OF PIVOT SHAFTS

igure A=-Za shows a pivot shaft

direction. Due to friction between the shaft and the bearing,

P -y
contact is made at an angle ¢ = tan

associated coefficient of friction.

A=>

»

>

1o Y

wihich is loaded by a

o o 3 - T A 1. e
ates 1n a clockwise

1
#, where u is the

]
N is the normal contact

v U4d Ze®




e

X and y components of the friction force are uF

.y

force. The friction force Ff = ull acts such that the clockwise

)

rotation is opposed by a resulting counterclockwise moment.

-7 ™

N
J
The directions of the comvonents of N and Ff are drawn
in the same manner in Fig. A-Z2b in a somewnhat more convenient
representation. When the direction of the external resultant

force W is not known, contact is vossible anywhere on the

peripnery of the besaring and the components FX and Fy of the

normal contact force cannot be drawn with certainty in the
iree body diagram. The direction of the friction comronents

drawing the free vody diagram of a pivot which rotates in a

le 143 e o - 5 3 = 3+ 3 - + i cAm “t+ta AF 2N ] + 4
clockwise directicn. In either case the nicments of the friction

couponents opvose tihe rotation wiile F_, and Fy may be vositive

=

or negative. Assume now, Kaunp h 1§ 5a shows
the solution of the

equilibrium equation will reverse the sign of Fx'

sutomatically reverse the sign of the friction

11so. Since contact is now made on the cpposite

N may be resolved into the components Fo and F_. The associated

and “Fx’ respectively.




FIGURE A-3 MOMEZNTS DUS TO FRICTION COMFONENTS
ALWAYS COPrOSE MOTION

gide ef the mivot, the correct sign of the friction ciehiponent
is automatically assured.

The total friction moment then is expressed by:

K, = 1M,J Fy * By = (4=2)

where p is tie pivot radius. The sign of the above is chosen

L)

such that the rotaticn is opposed. case that Fx and Fy
contain regquired terms that cannot be factored out of the
square root of equation (A-2), the friction moment is consarvatively

overstated by the use of the absolute values of annd Fj




e

e o e P

P e anye

10T

= tue( Ry IFy, (a-3a)

If the expressions for Fx and Fy consist of sums of
vositive and negative terms, then Fx and Fy are presented as
the sums of the absolute values of these terms. A conservative

pivot friction moment becomes, similar to equation (A-3a):

The tildas represent the sums of the absolute values of the

component terms.

A=8

- - i 7 o e a1 s s

S tapay s gt
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5+ MOMENT INPUT=-CUTPUT RELATIONSHIP FOR SINGLE

W
+
t=1
A8
]
Be

e e e s e 7 o St
GEAR MESH WITH INVOLUTE TEETH

Figure A-4 shows free body diagrams of the gear and the
pinion of a single mesh where the gear is driven dy a
counterclockwise input wmoment Rin‘ It is desired to find

the equilibrating output moment HQ.

n

a. UNIT VECTOF

The unit vector directed froa point 0.. to point L is

g = S5in@i + cosgj (A=L4)

=1
s
1

where ¢ representz the actual pressure angle, regardless of
tootn modification. The unit vector directed zlong the line

of action from point L to point L' is given by:

— — m—
L

+ singj (A=5)

| [ = =CO

-]
lb)




Pinion

FIGURE A-U4
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FREE

Rotation
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M,
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BODY DIAGRAM FOR SINGLE

A-10

y (i)

% 1(d1)

STEP-UP INVOLUTE GEAR MESH
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b. NOMENCLATURE AND SIGNUM CONVENTION

X and y components of normzl force acting on
gear pivot

rF. .. = friction force components acting on gear

pivot. Directions chosen tc result in friction

moments which oppose motion. (See part 2).

l“j

F = X and y components of normal force acting on

vinion pivot.

pE = friction force components acting on pinion vivot.
m = coefficient of friction.

F = normal contact force tetween gear and pinion.

The force of tune pinion on the gear is (-)?cﬁﬂﬁ,

while the normal force of the gear on the pinion

buCOmeS 1 Cn()T.

m

= tooth contact friction force. The analysis in

i

Section 1 shows tnat the friction force of the

1

pinion on the gear, before the pitch point, acts

in the direction of (-)Hg. Therafore:

-sp?cﬁ friction force on gear with

+) for a { LP (approach) (1=6)

9]
]

A-11

et

PR




| g T —

and
(1=7)

for a > LP (recess)

while
(at pitch voint) (1=3)

Further,
Pys P = Gear and pinion pivot radii

pY

Rb, ry, = g5ear and pinion base circle radii

A~12




P

Ce FORCE ANALYSIS OF THE GEAR

By inspecting Figure A-4, one sees that force equilibrium of

the gear is expressed by:

-F A, - sSuF W, = F 1 - uF J + Foaj - #F,,1 = O 1=9
Feligp = SuFn, = Fond = #Fd yNd = Ay (A=9)
Similarly, moment equilibrium of the gear is given by:
N g p —-12 o ﬂa T + R s, ~F ( B n 2 (‘ = + ,.?1 )
Bice = e [ ar £ & A =)L Py O ¢ -
“in N xi YN o] el 6T o] T
bs (-)S;l?cﬁo =0 (A=-10)

lote the use of equation (A-2) to express the friction moment
at the gear pivot.

With the help of equations (A-L) and (A-5) one may write

equations (A-9) and (A-10) in sczalar form. Thus,

F cosg - uchsina R S R o) (A=11)

= 0 (r=12)

-F si - wusl _cosh + ;-
F sing nsk,c Fyh J

ey
A v
XN

A-13




oy,

Bquation (A-10) bvecomes

2 2
i P TS S T 2t ar = -
in = Ppé “xN © FyN RpFe E8AE . 0 (a-13)
Simultaneous solution of equations (A-11) and (A-12) for

XN yN
h e (1 = v“s)cosg - w(1 + s)sing .
."::“- e J.'c (..-]L})
1 + ;12
anad
& .
= = 1 - n"s)sin + n(1 + s)cos
:;,.: - fc ( ) 9 2 \ ) 0 (\“_]5)

1 + »

“hen the above expressions are substituted into tlie moment

. > : 2
equation (A-13) and if ne notes that s= always equals +1,

the following exvression for Fc is obtained:




. d. FORCE ANALYSIS OF THE FINIOIl

Fforce equilibrium of the pinion is assured by:
— — i, i s T oy T
+ SF_ 1 s TR = Ly - N
Fon B e xn ynd k< xnd P yn

i while moment equiliorium is given by:

e T
Mk + X
0 I
(A=12)
In scalar form, the above become:
T 0Ss <+ LS““ "i‘ f + F - ? = O :“'16‘
LCC Sh I; Lca n wn n yn (x ,)

T A-15 | 1




aa KA

Zquations (A=-1%) and (i-20) are now solved simultaneously

This gives

(o] L a F .
EOEET o nd yn
1% 2 . o
@ - B ( n=s)cosg + p(1 = s)sing (A=22)
= Xn e > ‘
1 + n
and
=5 = 1 + s)sin - (1 - s)cos
e = F ( r"3)sing TR Jcose (::.-23)
n e =
1 +p“
Equations (:-22) and (4A-23) are then substituted into
the moment equation (A4-21). This furnishes the following
-~
expression for the normal contact force 7_.. ( Again, s always
-
equals +1,)
F, = . (A-24)
rb = /L[Pn + s(d - v)]

A=16
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e. MOMENT INPUT-OUTPUT RELATIONSHIP

.

o

may be exrre

s&e

Q.

as

of the input moment M. after equations (A-16) and

have been set equal to each other. Thus,

vigere

a

function

(A-24)
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Lo MOMENT INPUT=OQUTPUT RELATIOUSHIP FOR THREE STEP=UP GEAR

equilivrant output moment Hou’ acting on pinion 4, and the

3 - e lad £ - £ 1 ler e e T < v A
the svin axis € of the fuze body, and 1ts X-a&Xls eolNecices

pinign no. 3, and pinion no. b respectivsly. Further,

TN Y ~a vy NN Ay

m TR TN o
TRAIN IN SPIN ELVIROIMENT

Ffigure A-5 shows the basic configuration of the three

-

p-up gear train for which the relationship between the

acting on gear 1, is teo be feound,

t gear-spin rotor combination., Points O

R ; = dicztance Irom the spin axis to the various vivot axes

Pi. = base radii of pinions

gy = an le between positive x-axis and line of centers

O
[}
(@]

B~ = angle between positive x-axis and line of centers 0,-0

[0}

“
1
)
“
l do
4]
©
o.
}—-J
%
o

B. = angle between rositive of centers 0.=0,

0]

Y. = anzle vetween positive xX-axis and lines C-0,

A=18
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R
|

9] = pressure angle of mesh between gear no. 1 and vinion no.
6> = Ypressure angle of mesh between gear no. 2 and pinion no,
§= = Dpressure anzgle of mesh between gear noc. 3 and zinion no.

O
t
o
}‘_‘

the moment input-output relationship of the t

the input-output relationsnips of the individual

toocth~-to-tooth

Section 1

of this appendix, using an approvriate signum convention. The
direction of the pivot friction forces is chosen according

to Section 2 andy, to aveoid difficulties with, the direction
of the asscciated friction soment, equation (A=3b) will be used.

Fizure A-6 shows a free body diagram of pinion 4. The

contact between gear 3 and pinion 4 is shown before the contact

passed through pitch point PS. The unit vector 55&

action in the direction of the contact

gear on the pinion.

A-20

\n




Direction of C &
Rotation

FIGURE A-6 FREE BODY DTAGRAM OF PINTON Yy
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Thus,

=1
"
[}
’J.
ot
N
=
!
.‘.
Sl
;J
'_l.
]
[¢]
o)
(%)
~~
Eo)
+
J
4
N
(=)

The unit vector normzl to the line of action is

B... = cos(B. + 0.)1 + =in(P. + 62)3
13 ([3) " (/‘ 9));)

-

—
4

The contact force e then becomes:
~

!

The friction force of gear 3 on pinion 4 is given by:

- ~

£34 T M9 3734 ONsy

i-;jl

given by:

where s = +1, for contact before the pitch point

= 0, for contact at the vitch point

5 = =1, for contact after the vitch point

(See also Lection 1,.)

A=22

(4-29)

(4=30)




The normal forces on the

iy = F. %

x4 gt
and

B T

The associated pivot friction forces are given by

N .

force TL+ on the pinion is

T, = T,(cosy, i +
4 + +
wher
3
3% = '}Q,w 541 19
i £t Eti
with
w = Spin angular ve
and
m, = mass of pinlo
L

Fi Dy + BBl A +
k o4 3 L ! 3 U LJ)LP
Al S el e

pivot shaft are given by

represent
54

.nY, N
It i,

a b

he force equilibrium equation is

PG oSy
ALt

i for the indicated direction of rotation.

ed by

i + sinvy, j
5 ,+.))

~
[

\ N
(§Y]
e

I 3 and
gy J

The centrifugal

—
b
]
\H
i

(A-34a

(A=34b)

(A=24c)
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Moment equilibrium is given by the following expression, in

wiich the pivot friction moment is expressed according to

BEquation (A-3b):

e ?-: - -
-0 - Pp( o + by bl o5 R0 = s,(d a, )=
ol KA g ) ol 3l nEsld, = d )iy,
= O (:‘."3‘6)
i
i
: where p, represents the pivot radius,. d5 is the length of the ]
! E
i
! line of action of the mesh from points of tangency to the base
{ circles, s is the distance on the line of action from the
i
5 gear point of tangency to the contact point 03'
!
8
!
! BEquation (i-35) sives the following componsnt egquations:
i
3 F.,sin(g, + 6.) + us,F.,cos(f. + g} + T,cosv, + F,
i L ok S 3 4 ¢ xh
4 af . = D (A=37)
4

A=2l




|

S i

Simultaneous solution of the above for F““ and Fyu results in:

+ 1l = 8. )sin(B. + !
n BEL /),‘)]

To obtain conservative values for the pivot friction moment

in equation (A-35) according to equation (i-3b), one substitutes

the larcest possible values for F_, and F,. Tals 1s accomplished
o e
by making the signs of T, and F,, vositive and by using the
4 o4

absolute valuesof their respective coefficients in Zquations (A-39)

and (5=40).

A
- - )
i P, \

— —

it s T S




TR

T n—

2 .
(1 + 8%s. 000808 + @) * ul] = Sy)sin(p, + 4.)
1\2 = £ =, 2 l > o, 2 / (A“1+5)
I +
cgsy, + #siny,
A = — = (A—l+;'+_)
5 b
€1 + #Zsa)gm(u- ) = u(l - S--)cosw3 + 82)
L, = < > = <. (A=43)
- 1 + g
)
|
Finally equation (i-41) is solved for 7 e
ot T C
i -,1‘ = O’f & lL} ‘ A ,:
T3, - % (A=49)
1 1
wnere
C] = l’-l’l«{‘(-‘“-] T :."-5) (A-Lf?)

f D] - rb[+ - [‘3‘3((15 - Q)) + l';+(:":‘;_ e !3.4)] (A"QS)

i A=26




b, EQUILIBRIUM OF GEAR AND PINION

Figure A-7 shows the free body diagram of zgear and pinion

set no. 5. The contact point C

is, as shown vreviously in Figure A-6,

, between pinion 4 and gear 3

befiope the pitca point P..

=

The normal force, along the line of acticn, is given by: (See

equation (A-29).)

Foon = s B
45 TR LN

The unit vectors along and per

of action of gear 2 and pinion 3 ar

and

is given by: (See

ndicular to the line

siven by: =
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A=-28
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The contact point C, between gear 2 and winion 3 is also

ore tae vitch point P, is passed.

=,

snown be

The normal contact force between these tecth thaen becomes:

O T (£-53)

r;j'
L]
o
\)v

i

]

-

)]
n
o
M

oo (4-54)

Wwhere s = +1 for contact before the pitch point Pa

9]

55 = O for contact at the pitch point P,
[ —
s, = =1 —ror contact after the pitch »oint P,
= = <
The norwal forces on tae pivot shaft are given dy:
! =)
o o SR N e
oo = F & (1=55)
%) o)
and
- 3 T " =7
? - = el L (JK“DO)
J 2 Jo

The assocliated pivot friction forces are represented by (=)wf .1

<
Ll

A-29

PN —.——— o o



and (-)“Fz53 for the indicated direction of zear rotation.

The centrifugal force T. on the assembly is ziven by:

~

(cosv.i + sinyjj) (A=57)
where

T, = Qo owm (A=58a)

N
w
(O}

;_h
ct
R

I
=
o
Ui
)
C

n of pinion and gZear 3 (A58%b)

Force equilibrium is given oy:

= = - — - — =5 - 7 = 3
Foyzllss = pS¥ o llne = Fo R, =  pSof., B + 1Tzx(co3sy;1 + Sin
2529 & 25 825 24 O ool NSk )\ 5 5 .
+ I I - R —<I - L = AL N 0 =54
%3 5 ;3 5 (4-59)

ifoment equilibrium requires:

T s
D)L ol

.

liote the use of equation (A=3b) for th

4]

oivot friction moment.

P, represents tne pivot radius and length dZ is the length of the

A-20
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line of action between the voints of tangency to the base circles.

is the distance along the line of action from the gear

(5N

2
point of tangency toc the contact voint Cse

The conponznt form of equation (A=59) is represented by

T TR ST

- wus,F,,cos(B- + - + Tocost, +* P = F = 0 =-51)
stayeos(i, ) -l X 593 ( ;
and

=) (A=62)
Simultoneous solution of the above for F_; and F lcads to:

R 1’5[“ + #%s,)sin(B, - 05) + u(1 =~ s;)cos(p, - 9_;)]

-

o ~

Telnsitniy, = 5V + I, ] = p=8,)sin(p- + @+
+ ‘3[“ n/) cug/,] )4[( Iz /) ( . 0))

+ o ouw(l + 55 cos(f + Oi)] (A=62)
~ o




and

1y

low, equations (A-63) and

momant

monent

wnere

A -

Ao =
>

A -

Ay =
8]

(A-64) are substituted into the

quation (A-60) with consideration of the pivot friction

according to equation (A-3b).

+

A-32




i

g . g e l (] - p S-S)COJ([)' e ) ) = /"'('l ok 35)3"’11(/}'-/' T 0 ) (.‘ 0
: “7 L). A2=00 )
{ | ST

10+ wTs5)sin(p, - ) v k(1 - s5)c08(B; = 6,) .
| P =~ (4=69)

= e Z (4-70)

9

n
\N

kg > (:=71)

i Finally equation (A-65) is solved for 7..:
: S,
i
| oo i J e
n 3,02 343
= > s i) N=T72
‘ Fo. = 2 (4=72)
i &7 D.
| 2

Q2 (@]
i
I "
B J
< o
¥
—~
N 1
+ et
—
)
N ;’
o
N
|
>
Ui
~~
E
4+
.
~r
——
- —~
1 |
~J ~J
£ i
~.s R

-

> = rOJ - 'u[.ja(ua - 32) on P/-(;l; + :‘tr)] (‘-’/:)
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¢, =QUILTIZRIUM OF GEAR AND PINION SET KO. 2

Figure A-8 shows the free body diagram of gear and zinion
set no. 2. The contact point CZ’ between zear 2 and »ninion 3, is
again shown before the pitch vpoint P, is passed. (See also Yigure A=7 )

The normal force, along the line of action, becomes with equation (A=720

= S e AL

152 > -_31123 (r\ 70)
The associated friction force ?952 is gziven by:

Frzp = #SpTa3lyng (4-77)

The unit vectors along and perpendicular to the line of action

of gear 1 and pinion 2 are given by:

ny, = sin(g) + 8])3 - cos(p + 01)3 (4-78)
and
T, = cos(By + 0T + sin(By + 6)7 (4=79)

The contact voint Sy between gear 1 and pinion 2 is also

shown bafore the pritch point Py is passed.

A=34




Direction of Rotation

FIGURE A8 FREE BODY DIAGRAM OF GEAR AND PINTON SET NO. 2
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A
»
-
-

-1 ” Saasl
b2 " 23 e T,

their friction moments oppose the indicated rotation.

The centrifugal force Té on this gear and pinion asseably

is given by:
(cosv,i + Sin7333
where Ta = quzﬂz
M, = mass of gear and pinion set no. 2

‘orce equilibrium is given by:

wFoaflse +  F8.FPsuafinae +  Fyosh + S P T,
2323 S2° 23 N23 12712 B 122
cosy.1 + si : b SR N R F i
+ LE(VOQ/i- sinv,J) Foi ‘yEJ + #Lya*

soment equilibrium is given by:

-
I

B t rofs = esildy = apF,

A=37

(4-85b)

(4=87)




Agsain, equation (4A-3b) is used to account for the vivot friction
moment., P> renresents the pivot radius. d] is the length

of the line of action between the points of tangency to the

base circles, and a is the distance from the voint of tangency
of the gear to the contact point C].

The component form of equation (A-386) is given by:

FZBSin(/:2 - 0,) - us

-~
< &

+ ps]F]acos(B] + 01) + Tacosva <= o e

~ 51 0 ¥ T.eints = F - E
27 l‘-u.‘-lcoln(ﬂ] 0]) J.Ec.x. L :13 ,u.Lka

= O (;“.":49
Simultaneous solution of the above furnishes:

a 2 ol ~
sz = —] —1“—'2 “1‘1]2[/‘(1 - S])COS(BI + 0]) oy (‘I + o S])bln([)'] ot 0])]
i

+ TZ[;Lsinva + cos‘/a]




and
r Ay SREE: u(1-~)~in(;+o)+(l+#zs) s(B, + 4,)
y2 A - o T kel TR L

P S X o
L‘?.[sn_nfa ncos /2]

s F23[_“(] + sa)sin(ﬁa - 02) - (1 -~ #232)COS(BZ = 02)]{

(£-91)

llow, equations (A=-90) and (A-91) are substituted into the
moment equation (A-87). With consideration of the =ivot
friction moment according to equation (i-3b), this gives:
*Rpafa, * ESFy + DoFs 5 Eapldy s iFy
B “"2[712(A11 * Bt ¢ Tl Y lge) ) Bl gk '7’)J

= Q (‘.'92)
In tae above

y 2.

E _ n(1 = 3])51n(/;] R 9]) * AL+ P E’])COS(/?] i ()]) o
IW]] — ‘_)- (‘.'--y;)

1 +

sinv? - pCOSY, (
A = — = z‘x""‘)L})
12 1 + ;12
A=39




T -

A3 =
Rip =
Byr =
e o

Finally, equation (A-92) is solved for Fiot

wnere

w(1 + s;)sin(p, = 65,)

+

(1 - }1232)(;03(/32 - 02)

w(l = 31)cos(ﬂ1 it 0])

1 + #2

= 5
(1 + g ol)s_‘_n(/?1 + 01)

(1 s #232)311'1(82 % 02) - ,u.(] = SZ)COS(BE = 02)

1+ =

y-sin‘/2 & ROSY 5

1 +

e “2

(A=95)

(A=97)

(A=GR)

(1=101)

(4=102)

- e s

prR T




de LQUILIBRIUM OF GEAR NO, 1

Figure A-9 shows the free body diagram of gear no., 1, the

input gear.

The contact voint C1 is jidentical with that shown in

Figure A-8.

The normal force on gear no. | is given by: (3ee

equation (4-80).)

(A=103)

£21 = PS5 Fiofygp (A-104)

+3
=
0]

normal forces on the vivot shaft are given by:

?X] = -?X1E (4=105)
and

3 = F_]j (A=1085)

The associated zivot friction forces are chosen in such a

direction that their moments oppose the indicated rotation.

A=41

S




Direction of
Rotation

FIGURE A9 FREE BODY DIAGRAM OF GEAR 1
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i g o e

II\] - T1i (:‘x-1o7)

where

T (A=-122a)

I
fad
€
B

m, = mass of zear 1 (A-103b)

Force equilibrium is given by:

=Fi2B1p = esFplyp + Tyt = Faqd + Foud + aFd

+ #F,J = 0 (1-109)
Moment equilibrium is found from:
RblFiZ - us1a]?12 - Ein + #P](FX] + Fy]) = 0 (A=110)

The fora of equation (A-3b) is again utilized to obtain’ the

pivot friction moment., 22 represents the pivot radius of

gear 1.




The comnonent form of equation (:=1035) becomes:

-Flasin(ﬁl + 9]) - ;Ls]F]acos(/s1 + 01)

= e

F1acos(ﬁ] + g])

(A=112)

Simultaneous solution of equations (A-111) and (A-112) furnishes

the forces on the pivot, i.e.

..F]2 Bl - #2s])sin(u] + ”I) * pmlh # S])Cos(ﬁ1 + 01)J+ Tl

1 # #2

(z"x—] ]3)

= B 2
112[;(1 + S])Sln(ﬂ] + 0]) - {1 = pn s])cos(/f1 + 01)} - T

1 + #2

(A=114)

Equations (A=113) and (A=~114) are now substituted into the
moment equation (A=110) in the following manner: (Again,

the method of equation (A-3b) is applied.)




A ) e T](A”S + ,-120)]

(A=119)

‘ (4-115)

(] a F’"231)C03(B] + 0])

U= #2

(A=120)
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e, INPUT=-OUTPUT RELATIONSHIP

To obtain the invut-output relationsiip for the comvlete
gear train, equation (4-120) is unow equated to equation (2-99).

This furnishes:

D3 Ca
| e = M. - - T = Aem z
23 5 (‘ln Tlcé) 2 5 (i-1232)
7 S 4
|
; Furthner, the above is equated to eguation (A-72). This
‘ results in the following expression for ?:#:
3 -
§
i DD €D G
¥ - et -
3 g = Z 9 - m N - m 52 o 2y A
§ 1-3!_“ Lo C C D (» in J--'U6) -2 g 13—6—" (.“.-]24)
? i) g S22 &
j Finally, equation (A-124) is equated to eguation (4i=48).
This establishes the input-output relationship:
S oo OISO - SR o S
ol c.C D g 2! 176 ik c.n o c 471
2¥47L 2%4 2
(A=125)

: A=46




5. MOMENT INPUT-CUTPUT RELATIONSHIP FOR INVOLUTE TWO STEP-=UP

GEAR TRAIN IN SPIN ENVIRONMEMN

Fizure A~10 shows the basic configuration of a two step-up
gear train with involute teeth for which the relationship
between the equilibrant output moment Mo}’ acting on pinion 3,
and the input moment Min’ acting on gear 1 is to be found.

All nomenclature is identical with that used in Section 4
in connection with the three sterv-up gear train,

Again, the general relationship between input and output
is found by assembling the invut-cuttut relationships of the

individual component gears.

a, EQUILIBRIUM OF PINION 3 5

Figure A-11 shows the free body diagram of pinion 3.
The contact »noint Cs between gear 2 and vinion 3 is shown

before the pitch peint P, is passed.

A=47
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FIGURE A-11 FREE BODY DIAGRAM OF PINION 3
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R T e

As in equation (A-53), the normal force between the

teeth of gear 2 and pinion 3 is given by:

T. = e (4=126)

The associated friction force is given by equation (A-S4), i.e.

Feas = “FSpFaaiyas KRekap)

where s,= +1 , for contact before the pitch point P2
S55,= 0 , for contact at the pitch point P2

-1 , for contact after the pitch point P,

The unit vectors in equations (i-126) and (:1=-127) were
defined by =squations (A=51) and (A=52) respectively. The

normal forces on the pivot shaft are given by:

?x5 = iji (A=128)
and
?y3 -ry33 (A=129)

A=50



The pivot friction forces become (-)”Fy3{ and (-)#FXBH for
the indicated direction of rotation.
As in equation (A=57), the centrifugal force on the

pinion is given by:

53 = TB(COSVBE + sinyBE) (A=130)
where
'] 2 5
|
. 'lith
b my = mass of pinion 3 (4=132)

Force equilibrium is given by:

n A N - S,\L? T bt m “‘_,-: + S + 4 ..—.
| LEBAZJ HSEoslng + lB(COS 2 oln/jg) Fx;
| -

- Foed = Fof = alff .3 = 0 (=133
j b = y3! w3 e
i

iloment equilibrium is obtained from:

-, N I R * S w B e ppy ? + F . £ Q

‘03 rb).zj #Oﬁ(d) 2).2) /( },3 }’))

(A=134)
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e e s e

S A S Sl b

Note the use of equation (A-3b) for the pivot friction mcment.

P3 represents the pivet radius, d2 is the length of the line
of action between the voints of tangency to the base circles
of vinion 3 and gear 2. a5 is the distance along the line of
action from the gear point of tangency to the contact voint C2.

The x and y components of equation (A-133) are jiven dy:

= Wl o = Gl A-135)
and

Simultaneous solution of these exvressions for F and T
8 -

w3
X2

1
f":_- = NPT 3‘23[(1 + ;Lasa)sin(p“2 - 02) + w(l - sa)cos(,l,’a - 02):]

+ TB [tsin‘/3 ~ cosrj] (A=137)

P T b Sy e b e



and
1 2 :
- - ———— 7;'_‘ . S; o S - si -
ry3 1 % #2 ‘2)[(] S si)co (/2 02) R 2 L) n(“a ”2)]

s Ts[sin*/3 + #cosz] (A=-138)

l'low, equations (A-137) and (A-138) are substituted into the
moment equation (4-134) , with the vivot friction moment given

according to the formulation of equation (A-3b):

AY;
(SN]
Ny,
-
+
>
S
-
+
3
N
~
>
M
+
=
L
| BRSNS |

Moz = Tyazfaz ¥ Pealdy = 8 F5s + “psfr

= 0 (4-139)

where
)

(1 + u”s:)cos(ul = 65) + r(s, -~ 1)sin(p, - 65)

Ry = X ¢ = e = = (A=140)
1 + n
sy kRGOS,
A = =4 - 2 (A=141)
2 ] + ‘uz_

(1 + nzsa)sin(ﬁa - 02) + w1l - sz)cos(ﬁ2 - 02)

.’-3 = ] > lla (.“‘\-] L}Z)




A = s (A'”«PB)
b 1 + ne
Finally equation (A=-138) is solved for Fozt
¥ 2 c
Koz # 21— (A=144)
£ L B

e
[}
)
(]

e

Q
]




b. EQUILIBRIUM OF GEAR AID PINION SET 0. 2

Figure i-12

pinion set no. 2. The contact point C between
£ 2’

vinion 3 is ajain shown before

equation (A-126), the normal force between the t

mesh becomes:

force is the

equation (A-90), the

and »inion 2 is given by:

r.“

Fraom

-~
[ =S

12 =

the pitech point P..
o

shows the free body diagram of gear and

and

gear 2

With

(4=147)

esative of equation (4-127), i

(4-143)

(See equation (A=78) for the definition of the unit vector T, ,.)
4 12

A=55

e

e T e




FIGURE A-12

BODY DIAGRAM OF GEAR AND PINION SET NO.

Direction of

Rotation
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Fisure A-12 shows the contact point C] before the pitch point
P] is passed.,

The associated friction force is given by:

f12 = AS1Fyofy, (8-150)
where S, +1 , for contact before the Pitch voint P,
S O, for contact at the pitch point P]
s, = -1 , for contact after the pitch point P1
The unit vector T, is given by equation (A-79).
The normal forces on the pivot shaft are given by:
Fop = =P i (4=151)
and
:E‘.ya = -:‘jij (:1-]52)
The

associated friction forces #Fyai and (-)#?xej were chosen

The centrifugal force on thi
xpressed by:

5

such that their moments oppose the indicated rotation,

gear and vpinion assembly is




o (4-153)

where T, = é (L=154)

m, me gear and vinion set no. 2 (A=155)

Force equilibrium is given by:

+ F +

gy

Yoment equilibrium is given by:

$ TpoFis = Besiidy = 8l

- ?“ + ?«" A=
il!’z( w2 )'2) (A 57)
Again, equation (A-3b) is used to obtain a conservative pivot

friction moment. Py revresents the pivot radius. d1 and a,

are similar to the previously used distances alonsg the lines

of action of the other meshes.




The coanonent form of equation (A-156) becomes:

=

23sin(/f2 - 92) - MSZF236081?2 - 02) + Flasin(ﬁ] + 01)

+ "lelzcos(Bl +0,) o+ T ee81; = Fo5 + uF = © (A=158)

and
- f: - - " i b - - * by
:23cos(}2 qa) usz‘2381n(ﬂ2 02) r72cos(ﬁ1 * )

+ us]Flasin(,{z1 + o]) + Tasiny2 - I - “FXZ = 0 (A=152)

-

Simultaneous solution of the above expressicns for Fyo and Fyz

gives:

] = p 2 A 2 e o
-]—-;—;2-{ -‘]2[“(] - o])coo(ﬂ1 + 0]) (1 + & S])Sln(p] + 0])]_

33}

x2

+ ?23[k1 - ;Lasa)sin(,f2 - 92) - w1 + sa)cos(/?2 - ga)] }

(A=1670)







L e e o e e iaai

Now equations (A-160) and (A-161) are substituted into the
moment eguation (A-157) with the vivot friction moment

formulated again according to equation (A-3b):

~Ryalax * k880, * Bolio = 48, %4,

- #PZ[ F12(A5 + A8) + TZ(A6 + A9) * FZS(A7 + A1O)] =0

(A=1862

where
Y
f w1 = s )8in(B, * #.) + £} = #Zs Jcos(pB, + 4,)

1 1 1 1 1 1 .

§ I+
| sinv - ucosy

hg = = T (A-164)
i 1 + n

r(1 + s;5)sin(p, - 45) + (1 - Cg Ycos(B4 - )

3o Sar= 2 2 koo iz = b it
| 7 - 2 (-‘-" 5)
; 1 + &
:
% w(l = s])cos(/f1 + 9]) - (1 + ,Lasl)sin(ﬁ1 + g])
| Ag = (1-166)
i e i i

wsiny + cosy
2 2 5
A = (A-]b?)
9 T+ n2

A=61




3 ’ (1 - uzsa)sin(p’2 - 02) - w(l + sa)cos(/i2 - 92)
G - (A-168)
1 + 5
Finally equation (A-162) is solved for Fiot
B, =C T.,C
2 MU R (A-169)
D D
2 2
where
o ® By - "[Saaa = Pally * Aw)] (A-170)
C3 = weo(Ag + A9) (4-171)
D2 i e u[%](d] - al) + pa(A5 + Ag)] (A172)




c. EQUILIBRIUM OF GEAR NO, 1

Figure A-13 shows the free body diagram of gear no. 1,

the input sgear,

The contact point C] corresponds to that .shown in Figure A=-12.
ﬁ According to eguation (A-149), the normal contact force
L% between vinion 2 and gear 1 becomes:
7 = =% o172
XAy =T (Asle s

The associated friction force is the negative of equation (2-150),

LG

Feay =« eniyoingp (A-17L)

The normal forces on the pivot shaft are given by:

i (A"?E)
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The associated friction forces wF_,i and “Fx13 were chosen

¥
. with such directions that their moments oprose rotation due

: & v
to input rmoment Mine

The centrifugal force Tl on gear 1 is given by:
T, = 7,1 (4=177)

where, as with egquation (A-107)

2 "
T, = Rum (A=178)
and
m; = mass of gear | (2=173)

Force equilibrium of gear 1 is given by:

=Fiofp = #51F 10052

Moment equilibrim is given by:

~

in (A=181)

1
O

A-65




Note that equations (A-180) and (A=-181) have the same forms
as equations (A-109) and (A-110).
The force component expressions are the same as given by
equatione (A=111) aﬁd (A-112), and their simultaneous solution
for the pivot forces is identical to that given by equations (4=113)

and (A-114), i.e.

o 2 i ; m
-Fio B1 -u sl)aln(ﬂ] + 9]) + pw(l + s])cos(ﬁ] % olﬂ-+ T,

F,, =
! 1 + u2
; (1-182)
z
; and
i >
| - = ?12[}<1 + sp)sin(py + 0]).- (1 - u7s jcos(, + 01)] - AT,
7! 1 + ue

: (2=183

! Equations (A=182) and (A=-183) are now substituted into equation (A=181)

according to the method of equation (A-3b):

= 0

A=66




(1 - uas Jein(g, # 0,) + w(1 + 8,)coslp. + o)
w 1 1 1 1 1 1
1 + u
A‘ = A-186)
12 i s “2
;
j il + g )sinlg, + 4,) = (1 = uzs Jcos(B, + g,)
20 1 B 1 i " ¥ (A=187)
13 1 + MZ
M
A = (1=-188)
14 l 1 + #2 l
Finally, equation (A=-184) is solved for Fiot
M T.C
Fog % il = e (1-189)
12 D o
5 2
vhere
(4=190)
i S “[51a1 i L A13)] (a=191)

A=67




d. INPUT=-CUTPUT RELATIONSHIP

To obtain the input-output relationship for the ccmplete
gear train, equation (A-189) is now set equal to equation (A-16%).

This furnishes:

! D C
» - e 1s e el S . .
1‘2-5 = E—D— [‘Iin T]UL}J TZ—C— (.4. 192)
e 3 2

4
! The zbove is then set equal to equation (A=144). This results
1

in the input-cutput moment relationship:




mb"v;av c

6. AUXILIARY GEOMETRIC AND KINEMATIC EXPRESSIONS FOR TWO AN

THREE STEP=-UP GEAR TRAINS WITH INVOLUTE TEETH

a. NOMENCLATURE FOR INVOLUTE GrAR TEETH

Rpi’ rpi = pitch radii of gear and pinion of ith gear and
pinion set
£ e it
ij, Py * base radii of gear and pinion of i h gear and
pinion set
e S LR «th .
Roi, Py = outside radii of gear and pinion of i gsear and
pinion set
8 o il i L el gl
j = effective pressure angle of j mesh
Sl O 5 i s PANCE T - L -
? . = distance from spin axis to pivot of i gear and
pinion set
b. ANGULAR RELATIONSHIPS BETWEEN PIVOT HOLES

Figure A=-14 shows the angular relationsninps between the
lines connecting the pivot holes as well as the spin center,
(See also Fizures A-5 and A-10.) The following serves to
determine the angles 5 and ﬂi for certain combinations of

gears and pinions as well as spin radii Rj.

A=-69




A

A

T ——

SATHSENO LLVI3Y

J10H LOATd

hi-Vv 3¥N0I1d

A=70

4




et e e

e U A g TS e

ANGLE 7,

From

2T o 2 P o s
(Rp] + rpa) = ‘?11 + 12 - 2..]‘R2C0u12.

one obtains

2 2 2
il S Y = R + r )
72 & ek 1 1 2 nl 02 (A-194)
ZI]RZ
Similarly, from
2 -l . 2
s =1 ?:2 * Rj = ('.(2 * I‘-S)
/5 = ©coS =
2 SRy
one obtains
y = 7 + 7' (A=1G5)
/3 = 2 3 =~

A=71




one obtains




With Equation (4=197)

Further, with Equations (A-194) and (1-193)

Finally,

(A-202)




c. DEZTERMINATION OF CONTACT POINT C FOR VARICUS MESHES

Figure A-15 shows the points of interest z2long the _ine of
action of an involute gear waich drives an involute pinion,

Points L and L' are the points of tangency to the base circles
of radius Rb and Ty respectively and the distance d = LL'. Initial
contact is made at point M, where the line of action intersects
the pinion addendum circle of radius rye Final contact corresponds
to point N. Here the line of action intersects the gear addendun
circle of radius Rye

The position of the instantaneous contact point C with respect
to point L, i.e. the length a, is expressed with the help of the

instantaneous angle « which has its origin at the line O]L. Then,

a = LC = R (£=205)

4 computer procadure for the determination of the in-
stuntaneous angle o of any mesh must first find the asso-

ciated initial and final zngles of contact . and Xpine
> in

In addition it must contain a method for incrementing the

angle «. rthe following shows such a procedure for each of

1

the meshes of & two pass and a three pass step-up gear train,

together with a means of obtaining the signs of the signum

terms.,
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A=75




]

D PINION 2

The total length d] = LL' is given by:

. (1-204)

The initial anzgle of contact a1y is obtained from:
N

2 i 2 2
T Byt Fppltendy = WTes = P (1-205)
VAR - R E
“u1 2p1

Similarly, the final angle of contact % T is given by:

.

(1-206)
R,

The magnitude of the increment Aa, depends on whether one

deals with a two step-up or a three step-up gear train.

Assuning that a two step-up train is involved and that one

vishes to cowpute the lensth a, of mesn 2 Xa times after the first

contact, the angular increment A5, nas the magnitude




.y R

®rin T “24n (4-207)

Aa
22

(The second subscript refers to a two step-up configuration.)
Because of the transmission ratio between gear sets 1 and 2, the

associated angular increment of gear 1 will be smaller than Aass, 1s€e

r
Aa = Aa o .5\.-208)
Rp1

A
<)
.o

The instantaneous ansle il will then be ziven b

&

@ - X s + Jl y A"la (1\;-209)

and, the instantaneous distance a4 becomes:

+ (4-210)

a = T Ly i
i Rp1( *1ig J123%2)
In the above, j]2 represents the number of times the angle @y
has been incremented. “hile the total number of increments depends
on the lensth of contact, the incrementing of «, comes to an end
5} ] o 1

when a, > This also corresponds to a complete mechanisnm

g ~.8
1§fin°®

A=77
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¢ycle. Since mesh 2 foes througn R,,./r times as many cycles
= 2 bl” ~ b2 v

as mesh no. 1, the angle @s has to be re-initialized to *in when

@ >

5> 2 @5, i.e. after X, increments. (For simplicity it is

assumed that the motion starts when all meshes are at their

<)

initial contact angles L

Wnen a three step-up gear train is involved, one must make

sure<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>